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Linear-Quadratic Regulator (LQR) Problem Setting

Linear-Quadratic Regulator (LQR) Problem

Consider the case of the linear system
(Bt+1:Ath+BUt, tanlv
where z. is the state, u. is the control.

Consider the utility function

C{ut}e>0) = Eaq Z zF Qzi + utTRut]

i C({uion)

{ut}e>o0
where @, R > 0. The minimizing policy is static and linear

u; = Kz}
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Linear-Quadratic Zero-sum Mean-field Games

Problem Setting [Carmona et al., 2020, 2019]

We consider the evolution of the system state z;

Tor1 = Az + Az + Biuis + Bl’lh,t + Boua s + Bzﬂz,t aF 6?+1 4 et1+1
with initial condition €3 + €}

* ())¢>0 and (et ):>0 are common and idiosyncratic noise respectively.
® w1, u2, are controls of two controllers at time ¢.
Consider utility function, w1 := {u1,¢ }+>0, u2 = {u2,t}t>o0

+o0
C(ui,u2) =E lZ’ytct‘|
t=0
ct = (z¢ — i’t)TQ(JJt —T¢) + EZ(Q + Q)fi't + (u1,e — ﬂ1,t)TR1 (u1,e —u1,e) + ﬂ{t(Rl + Rl)ﬁl,t
— (u2, — ftz,t)TRQ(U2,t — U,t) — ﬂ;t(fﬁ + Rz)ﬂ2,t
where Q,Q + Q, Ri, Ri + R; = 0,7 = 1,2. Try to find the Nash equilibrium

C(ul,u3) = infsup C(u1,u
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Differences

® Mean-field terms: A workaround for the curse of dimensionality of the multi-agent system.

N
eg. T = % sz
i=1

® |diosyncratic noises: z; and u, are the conditional mean of z; and u; given common noises,
(€2)s5=0,... + [Carmona et al., 2019].

T = E[z](€))o<s<t]
Uiy = E[ue|(€9)o<s<t]
Idiosyncratic noises are necessary for mean-field case.
® Discounted coefficient v: make optimal cost finite.
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Decomposition [Carmona et al., 2020]

Reparametrization trick

for every t > 0, let

Yt = Ty — Tg, 2t = Tt

Y 5 Y -

ug t) =AUl — Ul = —Klyt, uét) = U2, — U2t = szt
(2) . = (

Uy = U = —Laz,

u;t) = Ut = Loz
® Rewrite dynamics

yes1 = Aye + Biul] + Boul’) + €l11, yo~eb, 2z = Az + Biul?) + Baub) + €41,

= Cy(Ki1, K2) + C5(L1, L2)

z0 ~ 68
® Decouple the utility function C'(K1, K2, L1, L2)

Cy(K1,K2) =E [Z’Yt Yt) T(Q+ K{ R K| — K2TR2K2)yt‘|

t=0

C.(L1,Ly) =E [Z TQ+Q+ LT (R + Ri)Ly — L{(R2+R2)L2)zt]
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Key Properties

e Connected Stabilizing Region: We consider control pairs on S := S; x Sa s.t.
C(Kl, Kz, L1, Lz) < 00.

S1 = {(K1, K2)|vp(A — B1K1 + B2 K») < 1}
Sz == {(L1, L2)|vp(A + A— (B1+ Bl)Ll + (K2 + RQ)LQ <1}

The stabilizing region S:1 (Sz2) is connected. Hence S is also connected.

This property justifies the policy gradient methods.
® Non-convexity: S1,S» are not convex [Zhang et al., 2019].

1 0 -10 1 —10 0
Ki=|-11 0], Ki=1]0 1 0
0 0 1 -1 0 1
A=DB = %Ig,KQ = Ké =0. p(A — B1K;, — BQKQ) <1, p(A — B1K{ — BQKé) <1
P(A = By (T = Ba(F72) > 1
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Gradient Expression
® Value matrix Py ., for stabilizing (K1, K2).

Pl e, = Z”t((A — Bi1K1 + BoK2))T(Q + KT RiK1 — K3 RoK2)(A — B1 Ky + BoK))!

t=0
We can rewrite the cost function [Carmona et al., 2020]
Cy(K1,K2) = Ey, [yo Py %) + 0, x,

Y
0‘%(1,1(2 =71 _77E [( ) Ply(l K2€1]
e Covariance matrix EKI,K% for stabilizing (K1, K2).

Sk iy = [ZV Yyt ] =Y 7'(A- BiK1 + B:K») (3 + ﬁzl)((fl ~ BiK1 + B2 K»)')"

t=0
where X% = E,, [yoyOT}. »= E[(e})(e%)T]
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Gradient Expressions [Carmona et al., 2020]

Explicit Gradient Expression
By solving two Lyapunov equations
PY w, =Q+ Ki RiK1 — K3 RoKs +v(A— B1K1 + BaK») " PY 1 (A— B1K1 + By K>)

S 5 ﬁzl +7(A— BiK1 + B2K2)S%, . (A— B1K1 + B2 K2)”
we have explicit expressions for the gradient of the utility function
Vi, C(K1, K2, L1, Lg) = 2E%3 (5% 1,

where E¥? = poly(A, By, Bz, P, 1., K1,K3).

ETHzirich Optimization & Decision Intelligence Group Jun. 2021

9119



Outline

2. Model-based Nested Policy Gradient Algorithm
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Model-based Nested Policy Gradient Algorithm

® Inner-loop: A new single-agent LQR problem. We assume access to

Ki(Ks) == argmin Cy (K1, K2) or Ka(K;):=argmaxCy(K1, K2)
Ko

Ky

e Quter-loop:
— Gradient descent (GD) [Zhang et al., 2019]

Kaii1 = PGP Koy + 1V i, Cy (K1 (K>), Ko)]
— Natural gradient descent (NGD) [Bu et al., 2019]

K41 = Kot + Vi, Cy (K1 (K2), Ka) (3%, 4,) "
or  Kiip = Kiy — Vi, Cy(K1, Ka(K1)) (3%, k)"

— Quasi-Newton’s Method [Bu et al., 2019] and Gauss-Newton Method [Zhang et al., 2019].
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Assumptions for Model-based Nested Gradient Methods

Assumptions [Zhang et al., 2019, Bu et al., 2019]

A1. Existence and Uniqueness of NE: 3 a minimal solution P* > 0 to the generalized algebraic
Riccati equation:

Ri+~BfP*B,  —~BTfP*B, | '[+BTP*A
—vBIP*B; —R’ ++yBYP*B; —yBTP*A

P*=yATP*A+ Q- [yA"P*B1 —yATP*By] [

where L* satisfies @ — (L*)"R"L* > 0
A2. Stationary point— saddle point: 3¢ + 1—}721 > 0 and

Ri++BIfP*B; =0, Ry —~Bj X.By+~>BfP*Bi(R,+~vyB P*B,) 'BiP*B; = 0
—Ry+yBj P*By <0, Ri+~B{P*B; —~’B] P*Ba(—R2 + vB3 P*Bs) 'BI P*B; » 0
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Convergence Rate for Model-based Nested Gradient Methods

With gradient descent or natural gradient descent updates, (K, L:) will converge to the Nash
equilibrium sublinearly globally with + > ||V, C(K1, K2, L1, L»)|* ~ O(%),
= Zjvz VL, C(K1, Ko, L, Lo)||? ~ O(+) (or gradient mappings) and linearly locally (when near the
NE) with C(K1,n, Ka,n, L1, L2,v) — C(KT, K3, Li, L3) ~ O(c{))
Key insights
® Cost difference lemma
Cy(KL Ké7 Yo = y) - Cy(K17 K2>y0 = y) = Z AKl,K2(y£7 K{yza Kéyz)
t>0

And we observe that noise terms are cancelled.
Asy i (v, K1y, Kay) =y [Q + (K1) RiKT — (K2)" Ra(K3)ly

+yy" (A= BiKi + BaK2)" Py, e, (A — BiKi + BaKa)y + ﬁE[(ei)TP}él,Kzeﬂ

Y
- yTP}/(LKgy - ﬁE[(ﬁ%)TP%LKJH
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3. Model-free Nested Policy Gradient Algorithm
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Gradient Estimation

® Only access to C(K1, K2, L1, L) instead of Cy, C.

d d
Vi, CY (K1, Ka) = ;EVI [Cy (K1 + Vi, K2)Vi] = ;Evl,ul [C(K1 + Vi, Ka, L1 4+ U1, L2) V1]

where V1, Uy ~ us, = Unif(S- = 0B;).

Algorithm 1 Model-free MKV-Based Gradient Estimation

Input: Parameter (K3, Lq); number of perturbations M; length T'; radius 7
Output: A biased estimator for the gradient (Vg,C (Kl, Ko, Ly, Lg) Vk,C(K1, Ko, Ly, L))
fori=1,2,--- M do
Sample vy, vg; 1.i.d. ~ s
Set (KZ,Ll) = (Kl + 'Ulz‘,Ll + Ugi)
Sample C* = Y"1 ¢i using ST ey (K'Y, LY, Ko, Ly)
end for ~
Set Vch(Kl,K27 Ll,Lg) = T%ﬁ Zz 1 Clﬂh and VLlc(Kl,KQ, L1,L2) %]% Zi\il Ci’UQi
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Convergence Results for Model-free Nested Algorithms
Consider model-free nested GD and Natural GD

Kg,t+1 = PSD [K2,t + U@KZC(Kl(KQ,t), KZ,t)]

Koiy1 = PyC |:K2,t + Vi, C(K1(K24t), Ko t)z;(l(KQ K, t)]

Under the same assumptions, for any € > 0, if length T', perturbation times M is large enough and the
perturbation radius T small enough. With iteration number N ~ O(%), we have

1 = PSP [Ka + Vi, C(B1 (Kas), Ka,0)| — Kae? < Clw)
N — n - N

And M, T, have at most polynomial growth or decrease in || K1 ||, | K2, e (K1), || Z1,e( L2, | Lot
and C(K1(Ka,t), Ka,t, L1(L2,t), La,t).

¢ Important clarification: the bounds are well defined since (K1(Ka2,t), K24, L1(Lay), La.t),
C(K1(Kay), Ko, L1(L2,), L2, ) are indeed bounded.

ETHziirich Opimizaton & Decson nsligence Group Jun. 2021 16/19



Summary

Convergence Guarantee Algorithms Assumptions Noises
E zoxd -0
: GD zo~DT0TQ
LOR Linear * Natural GD @ R0 X
[Fazel et al., 2018] (C(6) — C(6%)) Gauss-Newton GD C(8p) finite
||zo|| < Las. zg ~ D
MF-LQR Linear GD Q,Q+Q,R, R+R>0 v
? — ounded noise variances
? Cc(6) — C(6* Bounded noi i
Globally sublinear b o Nested GD
N rojected Neste:
Zero-Sum LQR (% Zizl IG:11%) Projectéd Natural Nested GD GARE solvable X
[Zhang et al., 2019] Locally linear Projected Gauss-Newton GD NE 3!
(C(6) — C(67))
Zero-Sum MF-LQR Nested GD Stabilizing params v
[Carmona et al., 2020] ? Alternating GD, GDA (Finite costs)
Optimization & Decision Intelligence Group Jun. 2021
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Take-home Message

® We can decouple the zero-sum mean-field LQR problem into two zero-sum LQR problem.

* 3 model-based & model-free nested policy gradient algorithms achieve sublinear/linear
convergence for quadratic zero-sum mean-field games.

® For single-loop algorithms:

- {(K1, K2)|p(A — B1K, + B2 K») < 1} is open, connected.
— | But tricky to find a “nice” trajectory: satisfies conditions such as 2-sided PL condition.
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2-Sided PL Condition

max f(z,y) - f(z,y)

Y
1 _ _
< 118k e 155, s, 1PN (R = v B2 Prcy i, B2) 7 ITr(V 6, Cy (K, K2) T Vi, Cy (K, K))
where we already know that || X% .., ~!|| can be bounded by omia(£°). On the other side
f(z,

min f(z, y)

y) —
1 -
< I8k, 1 12K e IR+ 9B P ey B) 7 HITT(Viey Cy (K1, Ka) ' Vi, Cy (K, K))
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